
Problem 5 IMO10

Mathias Bæk Tejs Knudsen

I was asked write down my thoughts from when I solved one of the IMO
problems this year. I chose number five.

Immediately when I saw the problem I thought that it would be possible
to obtain the large number. I took this approach because it is usually easier
to find an example if such exists, and when you look for an example you get
”acquainted”with the task. Furthermore you can really get caught up in the
same line of thought if you start out thinking that it is impossible.

The first thing I did was creating T = 32B1 + 16B2 + 8B3 + 4B4 + 2B5 + B6

which doesn’t change after applying type 1 operations. So instead of getting
201020102010

in the last box I just had to obtain T = 201020102010
. I didn’t really

realise that T ≥ 201020102010
was enough ”most of the time”so until the end I

had a doubt whether it was enough to create a large number. Then I looked
at the case with two boxes. Instead of assuming that there was one in each I
assumed that there was x in one and y in the other. This way I could actually
use the case with two boxes to generalise to three boxes and so on. With two
boxes you can only use operation 1, so it is very limited what you can do.
x, y → 0, 2x + y.

The case with three boxes is more interesting. In order to increase T the
most I have to use type 2 on Bi when Bi+2−Bi+1 is greatest. So it makes sense
to do like this: x, y, z → x, 0, 2y + z → x − 1, 2y + z, 0 → x − 1, 0, 2(2y + z) →
· · · → 0, 0, 2x(2y+z). This gives a fairly large number just for the three last, but
I could think of how I should get large enough numbers in the three last boxes
so that 2x should be large. So at this point I actually thought that it would be
impossible. If you make a sequence of such that there are two zeros in a row
and then a large number, you have to use both type 1 and 2 to ”use”the large
number again. Because of that I would instead of x, y, z → 0, 0, 2x(2y + z) use
x, y, z → 0, 2x−1(2y + z), 0.

Using type 2 we can get 1, 1, 1, 1, 1, 1→ 0, 0, 7, 1, 1, 1 and using the algorithm
from above: 0, 0, 7, 1, 1, 1→ 0, 0, 7, 0, 3, 0

NOTE: I could have noted that ·, ·, ·, x, 0, 0→ ·, ·, ·, x− 1, 2, 0→ ·, ·, ·, 0, 2x, 0

is an easy way, which gives a ”nice”(it is 2222
22

3

) number and then two zero’s,
which makes getting to 201020102010

very easy. I did not notice this and the
number, I’ll call it M , that I got was a bit less nice. (i.e. Involved a lot of −2’s)

After a lot of operation I got: 0, 0, 7, 1, 1, 1 → 0, 0, 0, M, 0, 1, where M was
clearly larger than 201020102010

. I had worried a lot about getting down to
201020102010

after getting the huge number. I thought about proving that if
I got a number X and Y in the last box then I could have gotten any number
in between those two as well, and other stuff like that - but I didn’t really now
where to start, so I just postponed it.

When I got 0, 0, 0, M, 0, 1 I noticed that I could decrease T (the invariant)
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by 8 if i used the type 2 operation on the fourth box twice. Now M was even, so
0, 0, 0, M, 0, 1→ 0, 0, 0, M − 4, 0, 16 made T divisible by 8 and hence congruent
to 201020102010

mod 8. This obviously meant that I was done.
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